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Abstract 

The non-perturbative equivalence of four-dimensional N = 2 superstrings with three vector 
multiplets and four hypermultiplets is analysed. These models are obtained through freely 
acting orbifold compactifications from the heterotic, the symmetric and the asymmetric type 
II strings. The heterotic scalar manifolds are (SU(1, l)/U(l)f for the S, T, U moduli sitting 
in the vector multiplets and SO (A, A) /(SO (A) x 5*0(4)) for those in the hypermultiplets. The 
type II symmetric duals correspond to a self-mirror Calabi-Yau threefold compactification 
with Hodge numbers h 1,1 = h 2,1 = 3, while the type II asymmetric construction corresponds 
to a spontaneous breaking of the iV = (4,4) supersymmetry to N = (2,0). Both have 
already been considered in the literature. The heterotic construction instead is new and we 
show that there is a weak/strong coupling ^-duality relation between the heterotic and the 
asymmetric type IIA ground state with AirS^t = — (AttSas) -1 ', we also show that there is 
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1 Introduction 



In four space-time dimensions, string solutions with N < A supersymmetries can be con- 
structed, through appropriate compactifications of the six-dimensional internal manifold, 
from any of the perturbative ten-dimensional strings: heterotic, type I, type IIA or type IIB. 
Although these constructions appear different at the string perturbative level, they might 
be non-perturbatively equivalent, provided the massless spectrum and the number of super- 
symmetries is the same 0-0] ■ As far as N = 4 supersymmetry is concerned, several tests in 
favour of the non-perturbative duality equivalence have been presented in the literature, not 
only in the case of the heterotic string compactified on T 6 versus the type IIA, B compacti- 
fied on K3 x T 2 |l[], but also for theories with a lower number of massless vector multiplets 
H, including the type IIA, BiV = 4 asymmetric, freely acting, orbifold constructions ||. 

In the N = 4 theories the space of the moduli fields is restricted by supersymmetry to 
be the coset |], || : 

fSL(2,R)\ ( SO(6,6 + r) 



V U(l) J S X \SO(Q)xSO(Q + r)) T , ^ 

where r = 16 in the heterotic and type IIA, B compactified on T 6 and K3 x T 2 , respectively. 
Models with lower rank, r < 16, can be constructed, via freely acting (asymmetric) orbifold 
compactification, from any of the perturbative superstring theories in ten dimensions j|, [| [5| . 
On the heterotic side, the dilaton Snet is always in the gravitational multiplet, while on 
the type II side it is either one of the moduli of the vector multiplets (Su = T 1 ), when 
the compactification is left-right-symmetric, with N = (2, 2) supersymmetry, or in the 
gravitational multiplet in the asymmetric compactification with N = (4, 0) supersymmetry. 
The non-perturbative string duality therefore implies interchanges between the moduli fields 
S-Ret and T % of the scalar manifold |l], f|, |J, with the perturbative states of one string theory 
mapped to non-perturbative states of its dual equivalent and vice versa f|, ^ |7|, || . The non- 
perturbative equivalence of dual strings has been verified on several occasions: for instance, 
the anomaly cancellation of the six- dimensional heterotic string implies that there should be 
a one-loop correction to the gravitational R 2 term in the type II theory. Such a term was 
found by direct calculation in j|, ||. Its one- loop threshold correction, upon compactification 
to four dimensions, implies instanton corrections on the heterotic side, due to five-branes 
being wrapped around the six-torus. Several other indications are given for dual N = 4 
theories with rank r < 16 j|. 

Heterotic/type II dual pairs with lower supersymmetry, N = 2, share properties similar 
to those of N = 4. In general (non-freely-acting) symmetric orbifolds still give rise to N = 2 
heterotic/type II dual pairs in four dimensions |I(|-fl2]. On the heterotic side they can be 



interpreted as K3 plus gauge-bundle compactifications, while on the type II side they are 
Calabi-Yau compactifications of the ten-dimensional type IIA theory. The heterotic dilaton 
is in a vector-tensor multiplet, dual to a vector, and the vector moduli space receives both 
perturbative and non-perturbative corrections. The hypermultiplet moduli space, however, 
does not receive perturbative corrections; if iV = 2 is assumed to be unbroken, it does not 
receive non-perturbative corrections either. The dilaton in the type II (symmetric) construc- 
tions is in a tensor multiplet, dual to a hypermultiplet, and the prepotential for the vector 
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multiplets receives only tree-level contributions. The tree-level type II prepotential was com- 
puted and shown to give the correct one- loop heterotic result. This provides a quantitative 
test of the duality [12| and allows us to reach the non-perturbative corrections of the 
heterotic side. 

In the quantitative tests of non-perturbative dualities, extended supersymmetry plays an 
essential role, since it allows for the existence of BPS states (states in short representations 
of the supersymmetry algebra). These states are (generically) non-perturbatively stable and 
provide a reliable window into non-perturbative corrections to some terms of the effective 
action that receive contributions only from those states. The relevant structures for this 
analysis are the helicity supertrace formulae, which distinguish between various BPS and 
non-BPS states H, 0-[[L6|. For N > 2, these supertraces appear in particular in the F 2 and 



R 2 (two-derivative) terms or in a special class of higher-order terms constructed out of the 
Riemann tensor and the graviphoton field strength [fT7 |. In the four-dimensional heterotic 
string, these terms are anomaly-related and it can be shown that they receive only tree- and 
one-loop corrections. In higher dimensions, they do not receive non-perturbative corrections 
either pf. 



The non-perturbative equivalence of some heterotic/type II dual pairs with N = 2 su- 
persymmetry has been investigated in Refs. || [IT, [H], ED"| . In this class of iV = 2 models 
the scalar manifolds are coset spaces: 

SU(IA) SO '(2,2 + N V ) SO(4,4 + N H ) 

U(l) X SO(2)xSO(2 + N v ) &n SO(A)x SO(A + N H y [ ' } 

describing the moduli space of the Ny + 3 moduli in vector multiplets and the Nh + 4 in 
the hypermultiplets, respectively. The type II symmetric duals correspond to self-mirror 
Calabi-Yau threefold compactifications with Hodge numbers h ' = Ny + 3 = h 2 ' 1 = Nh + 3, 
which are K3 fibrations, necessary condition for the existence of heterotic duals [ETJ, E2 



The equivalence of heterotic/type II model(s) with Ny = Nh = 8 was studied in Refs. 
TTI, O, ET|; recently, in Ref. [E0[, this analysis has been extended to type II and heterotic 



duals with N v = N H = 4 and 2. 



The purpose of this work is to extend the analysis of Ref. |20] and establish the non- 
perturbative equivalence of three different N = 2 constructions with Ny = Nh = 0: the 
heterotic construction with supersymmetry iV = (2,0), the symmetric type II construction 
with iV = (1,1) and the asymmetric type II with N = (2, 0) supersymmetry. All these con- 
structions are based on six- dimensional freely acting (asymmetric) orbifold compactifications 
and thus the initial N = 8 (in type II) or iV = 4 (in heterotic) supersymmetry is sponta- 
neously broken to iV = 2 ||14j| . The heterotic scalar manifold of this N = 2 construction is 
described by the vector scalar manifold (S77(l, 1)/U(1)) 3 associated to the three moduli S, T 
and U, and by the hypermultiplet quaternionic one, £0(4, 4) /(SO (4) x SO (4)). The type 
IIA symmetric construction corresponds to a self-mirror Calabi-Yau threefold compactifi- 
cation with Hodge numbers ft, 1 ' 1 = h 2,1 = 3 0. The type II asymmetric construction 



corresponds to a spontaneous breaking of N = (4,4) to iV = (2,0) supersymmetry |14 |. 

In Section 2 we construct the symmetric type II model with iV = (1,1) supersymmetry 
and calculate the one-loop gravitational corrections associated to the R 2 term. The asym- 
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metric type II N — (2, 0) construction is presented in Section 3; in the same section we 
show that the R 2 corrections in the two type II dual theories are in agreement with their 
non-perturbative equivalence. The heterotic construction, as well as the corresponding cor- 
rections to the gauge and gravitational couplings, are presented in Section 4. In Section 5 we 
compare the heterotic, the type II symmetric and the type II asymmetric corrections, and 
show that the non-perturbative equivalence of the three models is verified; we furthermore 
show that due to this triality equivalence, there exists a weak-strong coupling relation (S- 
duality) between the heterotic and the asymmetric type II theory (AnSuct = — (4vtS'as) _1 )- 
We also claim that the N = 8 supersymmetry is restored in the heterotic strong coupling 
regime. Finally, in Section 6 and in the appendix, we derive the perturbative prepotential, 
as well as part of its non-perturbative corrections, which are argued to be valid for all three 
dual theories. Our conclusion and comments are given in Section 7. 



2 The iV = (1,1) type II symmetric construction 



We start by considering a type II symmetric construction with N = (1,1) supersymmetry 
and no vector multiplets or hypermultiplets in the twisted sector. This model is obtained by 
compactification of the ten-dimensional type II string on a Calabi-Yau manifold CY*- 3 ' 3 -*, with 
Hodge numbers ft, 1 ' 1 = h 2 ' 1 = 3. This compactification reduces the N = (4, 4) supersymmetry 
to the desired N — (1, 1). In what follows we will always work at the x (freely acting) 
orbifold limit of this manifold, where the partition function and the one-loop gravitational 
and gauge corrections can be computed analytically. 

At the orbifold point, where CY (3,3) = T % j (z^ x the partition function of the 

model can be written easily in terms of the characters of the twisted and shifted com- 
pactified left and right coordinates X 1 , X 1 , 1 = 1, ... ,6, and in terms of twisted fermionic 
superpartners ty 1 and 1 Jr . The remaining contribution to the partition function comes from 
the left- and right-moving non-compact supercoordinates X^, X^, ^ and the super- 
reparametrization ghosts b, c, (3, 7 and b, c, j3, 7. The resulting partition function reads: 



Imr|r?| 24 4 
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(2.1) 



where the contribution of /3, 7, and /3, 7, gives rise to the functions d and 

while r6,6[(ji'G 2 ] denotes the contribution of X 1 and X 1 ; (if 1 ,G 1 ) refer to the boundary 
conditions introduced by the projection Z^ and (H 2 , G 2 ) to the projection Z^: 



6,6 



H\H 2 
G 1 , G 2 



2,2 



H 2 \H V 

Q2\Q1 



,(2) 
2,2 



'H^H^ + H* 
GHG 1 + G 2 



,(3) 
2,2 



H l + H 2 \H 2 
G l + G 2 \G 2 



(2.2) 
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Here we have introduced the twisted and shifted characters of a c = (2, 2) block, T 2j2 [^/] > 



the first column refers to the twist, 
are the following: 



the second to the shift. The non-vanishing components 



2,2 



h\h'' 
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2,2 



for (h',g') = (0,0) or (h , g') = (h, g) 
, for (h,g) = (0,0), (2.3) 



where ^,2^/] is the Z 2 -shifted (2,2) lattice sum. As usual, the shift has to be specified by 
the way it acts on the momenta and windings (our conventions are those of Refs. j|, |20|, |24}|). 
Since the three complex planes of T 6 are translated, there are no fixed points. Therefore 
there are no extra massless states coming from the twisted sectors: the massless spectrum of 
this model contains the N = 2 supergravity multiplet, 3 vector multiplets, 1 tensor multiplet 
and 3 hypermultiplets. The tensor multiplet is the type II dilaton multiplet and is equivalent 
to an extra hypermultiplet. 

By using the techniques developed in Refs. [0, it can be shown that this 

model possesses an N = 8 supersymmetry spontaneously broken through a super-Higgs 
phenomenon, due to the free actions of Z 2 x Z 2 . There exist appropriate limits of the 
moduli, which depend on the precise shifts in the lattices, in which there is an approxi- 
mate restoration of 16 or 32 supercharges. In such limits, the supersymmetry restoration 
is accompanied by a logarithmic instead of a linear blow-up of the various thresholds. The 
logarithmic blow-up is an infrared artefact, which can be lifted by switching on an infrared 
cut-off fj, larger than the mass of the extra massive gravitinos; the thresholds thus vanish, as 
expected, in the limit m ?J / 2 / — > in which supersymmetry is extended to iV = 8. 

The relevant quantities for the computation of the string correction to the R 2 term are the 
helicity supertraces B 2n . These are defined as the vacuum expectation value of [Q + Q) , 
where Q, Q stand for the left- and right-helicity contributions to the four-dimensional phys- 
ical helicity. For the details of the computation of such quantities in the framework of the 
above models we refer to previous publications p0|, [24J. Here we simply quote the results. A 
straightforward computation shows that B 2 = 0, as expected in the models with Ny = Nh 
ZH[|. This feature is common to all the N = 2 type II Z 2 x Z 2 symmetric orbifolds p5| . 
in which B 2 can receive a non-zero contribution only from the N = (1, 1) sectors of the 
orbifold. The internal coordinates in these sectors are twisted; all corrections are therefore 
moduli-independent and come from the massless states only. One finds B 2 = -B 2 | m assiess, 
which vanishes in the model we are considering here. 

On the other hand, B± receives non-zero contributions from the N = (2, 2) sectors of the 
orbifold, and we findQ: 

i=l,2,3 (h,g) 



2,2 



0\h 

ok 



(2.4) 



1 The prime summation over (h,g) stands for (h,g) = {(0, 1), (1,0), (1, 1)}. 
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From (|2.4j ), by applying the techniques developed in ||24j| , one can see that there is a limit 
in moduli space in which B4 vanishes; this is the signal of the restoration of the N = 8 
supersymmetry. 

The four-derivative gravitational correction we consider here is similar to those that 
were analysed in Refs. ||] and [2~0|; in order to obtain it we proceed as in [20]. There 



is no tree-level contribution to this operator, and the R 2 correction appears at one loop; 
it is related to the contribution of the h ' moduli, obtained through the insertion, in the 
one-loop partition function, of the two-dimensional operator 2Q 2 Q . In this class of mod- 
els the contribution of the N = (1,1) sectors to B4 vanishes, and therefore (^2Q 2 Q 2 ^ is 
B4/3. The massless contributions of the latter give rise to an infrared logarithmic behaviour 
g4|m 3 aBSlcss log (M( IIA ) 2 / /i (IIA) 2 ) p|, where M (IIA) = is the type IIA string scale 



and // IIA ) is the type IIA infrared cut-off. Besides this running, the one-loop correction 
contains, as usual, the thresholds Aha, which account for the infinite tower of massive string 
modes. The threshold corrections to the R 2 term are related to the infrared-regularized 
genus-one integral of B^/3. This relationship can be made more precise by noting that 

the amplitude (2Q 2 Q 2 ^ contains more than the R 2 -term corrections: it also accounts for 

terms such as F 2 or H 2 . However, in the type IIA string, the R 2 corrections depend on the 
Kahler moduli T X ,T 2 and T 3 (spanning the vector manifold), and are independent of the 
complex-structure moduli U 1 ,U 2 and U 3 (spanning the scalar manifold) 0, [2"0fl . We thus 
have 

1 f d 2 r 

<9 T iAnA = - / d T iB 4 , duiAuA = 0. (2.5) 

3 Jjr imr 

For definiteness we choose the half-unit shifts for Z% and as defined by the following 
insertions: (— ) n2G , (— ) mi ( G +G \ (_) n 2G gifting the lattices of the first, second and third 
plane, respectively. With this choice of lattice shifts the one-loop-corrected gravitational 
coupling reads (up to a constant): 

g^fcgiA)) = - 2 E lo S Imr l^ 2 ( r )T - 21 «g \** (T 2 ) I' + 61 °g^W • (2-6) 

The shifts on the lattices break the SL(2, Z)^ duality groups, and the actual subgroup 
left unbroken depends on the kind of shifts performed (see Refs. 0, |23], |24[). Further- 



more, there are three N = 4 restoration limits, corresponding to ( ImT 1 , 1/ ImT 2 ) — > 0, 
(ImT 1 , ImT 3 ) — >• or (1/ImT 2 , ImT 3 ) — > 0. The masses of the three extra pairs of 
gravitinos are in fact given by 

9 , X 1 r~~r~\ "It t ~r~\ WVO-IJ 2 

m 2 1 = -ImT 1 Im^ 1 + 

3/2V J 4 4 ImT 2 

m 2 /2 (2) = ^Imflmf/ 1 + ^lmT 3 lmU 3 (2.7) 
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and each of them vanishes in one of the above limits. Owing to the effective restoration of 
the N = 4 supersymmetry, there is no linear divergence in the volume of the decompactifying 
manifold. For example, when (1/ImT 2 , ImT 3 ) — > 0, we observe the following leading 
behaviour: 

16 it 2 

^(iia)) - - 2 log ImT ' + 2 log ImT ' • (2-8) 

However, the threshold correction blows up linearly with respect to the modulus of the first 
plane in the limit ImT 1 — > oo: 



16 7T 5 



SvrlmT 1 . 



Finally, the N = 8 supersymmetry is restored when (ImT 1 , 1/ImT 2 , ImT 3 ) 
limit, the correction behaves logarithmically in all three moduli: 



16 7T 2 



2 log ImT 1 - 2 log ImT 2 + 2 log ImT 3 . 



(2.9) 
0. In this 

(2.10) 



3 The N = (2,0) type II asymmetric construction 

We now consider the asymmetric type II orbifold, which is obtained from the N = 8 IIA 
superstring compactified on T 6 by applying the freely acting projections Z Fn and Z<p ■ The 
latter is the same projection we considered in the previous section: it acts as a combination 
of rotation and translation, and it reduces symmetrically the number of supersymmetries by 
one half. Instead, Z Fr acts as (— ) Fr together with a translation on T 6 , and projects out all 
the right-moving supersymmetries. The properties of the N = 4 model obtained by applying 
only Z Fr were already analysed in M. The orbifold obtained by further application of z\ 
has an N = (2, 0) supersymmetry realized among the left-movers only. 

The partition function of the model reads: 



(i) 



72,0 



1 



1 



Imrh| 24 4 4^ ^ 
1 " H X ,G X H F ,G F 



r 



(i.ti 



H\H F 
G\G F 
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a + H 1 
b + G 1 
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\aG t '+bH t '+H F G F 



H 1 
G 1 



a + H 1 
b + G 1 







H 1 

G 1 



(3.1) 



where now 



6,6 



H\H F 
G\G F 



2,2 



"0|i^ ln 
0IG 1 



^(2) 
2,2 



H l \H F ' 
G l \G F 



.(3) 
2,2 



iT 1 liT 1 
G L \G L 



(3.2) 



The massless spectrum contains, besides the supergravity multiplet, 1 vector-tensor mul- 
tiplet, dual to a vector, 2 vector multiplets and 4 hypermultiplets: it is therefore the same 
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as that of the type II symmetric orbifold. However, there is an important difference in the 
nature of the fields: in this case the dilaton belongs to a vector multiplet. This is a general 
property of all N = (2, 0) string compactifications, where supersymmetry charges involve 
left-movers only. The reason is that the dilaton, in such cases, is uncharged under the SU (2) 
operators that rotate the supercharges of the N = 2 supergravity. 

The three vector moduli are in this case the dilaton Sa s , the Kahler class Ta s , and the 
complex structure Ua s of the first torus. When (H 1 , G 1 ) = (0, 0), expressions ( |3.1| ) and ( |3.2| ) 
give half the partition function of an N = (4, 0) asymmetric orbifold with gauge group U(l) 6 . 
This model was analysed in detail in Ref. |4|]. 

By using the same techniques as for the type II symmetric orbifold, it can be shown that 
the model at hand possesses a spontaneously broken N = 8 supersymmetry, due to the free 
action of Z 2 and Z Fr ■ This can be seen again from the analysis of the helicity supertraces. 
We find that B 2 is a constant also in this asymmetric construction. There are therefore no 
U N = 2 singularities" , i.e. lines in moduli space with enhancement of the massless spectrum 
such that ANy ^ ANh- On the other hand, for finite values of the moduli, there are no 
U N = 4 singularities" either (lines where ANy = ANh), because the bosonic vacuum energy 
is —1/2, and there are no points in moduli space in which new massless states can appear. 



The helicity supertrace B 4 receives non-zero contributions from three N = 4 sectors: 
the N = (4,0) sector with (if 1 , G 1 ) = (0,0), the N = (2,2) sector with (H 1 ^ 1 ) ^ (0,0) 
and (H F , G F ) = (0,0), and the N = (2,2) sector with {H\G l ) ^ (0,0) and (H F ,G F ) = 
{H l ,G l ). We obtain: 



The contributions of the first line come from the N = (4, 0) sector, while those of the second 
line are due to the N = (2, 2) sectors. 

Expression (|3.3|) has to be compared with the analogous for the type II symmetric orb- 
ifold, Eq. ( |2.4| ). In both cases -E^lmassiess = 18, in agreement with the expected N = 2 
supergravity result. As in the type II symmetric orbifold, we can make vanish by taking 
appropriate limits in the space of moduli belonging to vector multiplets and hypermultiplets. 
In the asymmetric type II the vector-multiplet moduli are the moduli of the first complex 
plane Ta s , Ua s - The moduli of second and third complex planes belong to the hypermultiplet 
space. The lattice sum in the second line of (|3.3|) vanishes in some appropriate limits in 
Tas and Ua s - However, only by taking further limits in some of the moduli belonging to 
hypermultiplets can we make also Tq^ \°qqf] vanish. This is precisely the limit in which the 
extra massive gravitinos of the asymmetric construction become massless. 

As was already pointed out in the framework of symmetric type II constructions, the 
R 2 gravitational corrections of the asymmetric case do not receive any contribution beyond 
one loop. These corrections are related to the insertion of the operator 2Q 2 Q . Again, 




(3.3) 
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this amplitude accounts for more terms (like H 2 ) and only half of it is relevant to the R 2 . 
Therefore, the only non-zero contribution is provided by one sixth of the N = (2, 2) sectors 
of £>4 (the second term in Eq. (|3.3|) ). The part of associated with the N = (4,0) sector 
does not enter in the R 2 correction and thus the moduli dependence comes from the vector 
multiplets only; there is no dependence at all on the hypermultiplet moduli, as expected 
from general properties of the N = 2 theories. Both moduli T As and U As of the first plane 
belong to vector multiplets and appear in the correction to the R 2 term. 

With the specific choice of half-unit shift, (— ) miGl , induced by acting on T^l, we ob- 
tain the corrected gravitational coupling in terms of the moduli T As , U As , and the appropriate 
string scale and infrared cut-off: 

16 7T 2 jl/f ( As ) 

-21ogImT A s|^4(TAs)| 4 -21ogIm?7 As ^ 2 (f/As)| 4 + 41og^ r (3.4) 



^ r av(^ (As) ) " 1 " ^ AS ,^ AS „ — ^(As) 



up to a constant^ 

This expression deserves some comments, as was for ( |2.6| ). We first observe that the Z^- 
shift in r^l breaks the SL(2, Z) Tab x SL(2,Z) Uas x Z^ Uab duality group to a subgroup 
that depends on the kind of shift performed. In the limit IulTas — > oo, lmU As - ► there is 
a restoration of an iV = (4,0) supersymmetry with no linear behaviour either in IhiTa s or 
in l/ImC/ A s; the remaining contribution is logarithmic: 



16 ti z 



-2 log Im T As + 2 log Im U Ab . (3.5) 



Finally, comparison of ( j2.6|) and (|3.4j) suggests that the string duality map implies the 
following identification of the moduli: 

T As «-> T 2 , U As «-> T 3 and 4rrS As <-> -1/T 1 . (3.6) 

The identification of the asymmetric dilaton S As with the h 1)l moduli T 1 of the symmetric 
type II construction follows from the behaviour in the limit ImT 1 — > 0, which corresponds, 
in the asymmetric construction, to the perturbative limit Sa s — ► oo. 

4 The N = (2,0) heterotic construction 

4.1 The construction of the model 

The heterotic dual to the previous type II constructions is based on (T 2 x T 4 ) /Z^ freely 
acting orbifold heterotic compactification. In order to reduce the gauge group we have to 
introduce a set of "discrete Wilson lines", which separate the boundary conditions of the 
32 right-moving fermions, ^a, A = 1, . . . , 32, in order to twist all the currents ^a^b of the 



2 This constant, as well as the one appearing later in the perturbative heterotic coupling ( 4.25 ), contains 
in general log(M//i) terms, which account for extra massless states that have been disregarded in the 
determination of the R 2 amplitude from the B4. Field-theoretical arguments can be advocated to fix these 



terms. We will take care of them in the final expression (5.3) 
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c = (0, 16) conformal block. The resulting characters are described by those of 32 right- 

(f) 

moving Ising's . The Z\ projection reduces the initial N = 4 supersymmetry to N = 2; it 
acts as a 7r rotation in T 4 left and right (super) coordinates and as a translation in T 2 . Its 
action on ^a is non-trivial (see below), and it is chosen in such a way that neither vectors nor 
hypers are produced from the \l/yi's. In this way the heterotic massless spectrum is identical 
to that of the previous type II constructions. Namely, it consists of the N = 2 supergravity 
multiplet, 1 vector-tensor multiplet that contains the dilaton Sn e t and is dual to a vector, 
2 vector multiplets associated with the Kahler class T and the complex structure U of the 
torus 3 T 2 , and 4 hypermultiplets, obtained by pairing the left-moving negative eigenvalues 
of the projection with the 4 right-moving negative eigenvalues in T 4 . 

The partition function of the heterotic construction has the following expression: 



met 



]mr\r] 

1 ^ 1 

<- > — 

2 ^ rf 



/ _\a+b+ab^ 



1 2 r 





a + H r 
b + G i 



a - H l 
b-G { 



(4.1) 



where the second line stands for the contribution of the 10 left-moving world-sheet fermions 
ipv^ 1 and the ghosts 7 of the super-reparametrization; -^6,22 [gf] accounts for the (6,6) 
compactified coordinates and the c = (0, 16) conformal system, which is described by the 32 
right-moving fermions ^ a- It takes the following form: 



1,22 



1 V^r 

2 5 Z_> ^6 2' 2 

h,g 



H { , h 
G { ,g, 



4,4 



G { \g. 



H { , h 
G*,9. 



(4.2) 



where (h, g) denote the five projections that are needed in order to separate the boundary 
conditions of all 32 fermions. The function $ [ Gf can be written explicitly using the 5*0(4) 
twisted characters (see Ref. |2~0|] ): 



7> h 




A9. 





7 - h 
5 - gi 



h 2 - h 3 

g2 - g3 



7 + h 3 

5 + gz 



01/2 



7 + h 3 - hi 
5 + g?, - gi 



01/2 



Fl 
and 



where we introduced the notation h = (hi, h 2 , 113) and similarly for g. Under r 
transform as: 



"7,/i" 




V 


01/2 


7 + hi 


-h 2 


01/2 


7 " 


h hi" 


01/2 


7 + ^2 _ 


.^9_ 




5 


J + gi 


~92. 


6- 




.5 + 5-2. 



7 + /i 2 - /i 3 " 

5 + g 2 - g 3 

(4.3) 



(4.4) 
r + 1, A 



7,/i' 



7,/i 
7 + 5 + l,/i 



9. 



3 For simplicity we will use systematically (T, U) for the heterotic two-torus moduli, instead of the more 
natural notation, which would have been (Tn e t, t^Het)- 
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7, ft' 

S ,9. 



x exp 



m (2 
T V3 

7, ft 

7 + 5 + 1, ft + 5 



+ 2 7 2 + h\ + h\ + 2ft* 



2 7 ft x + /ij/ia - 47 + 2/ii ; (4.5) 



x exp — 



1 71 

7 



+ 27 2 + h\ + h 2 2 + 2jht - hh 2 - 47 - 2hj 



Notice that Fj are c = (2, 0) conformal characters of 4 different left-moving Isin 
fermionic language this is a system of 4 left-moving real fermions with different 
conditions. All currents J IJ = \I/ / \I/ J are twisted and therefore the initial 5*0(4) 
We have then, as in | 20|| , two alternative constructions, $ and that differ with 



({) 

the embedding of the Z 2 -shift in the two-torus: 



(4.6) 

gs. In the 
boundary 
is broken, 
respect to 



G*,g 



and 



G f ,5. 



7,5 



xFo 



2 ^ 

7,<5 



xFo 



7H 




ft - 




hG f , 






5- 


0_ 



7 + ft 4 + iP,ft 
6 + g 4 + Gf,g 



Fx 



7 + ft 5 ,ft 

$ + 95,9 



Fx 



7 + ft 4 
5 + 5-4 



+ ft.5, ft 
+ #5, 



7,/i' 



7 + ft 4 , ft 

.5 + 54, 5. 



*1 



7 + # f , ft' 
5 + G f ,5. 

7 + # f , ft 
.5 + G f ,5\ 



7 + ft 5 , ft 
$ + 95,9. 



7 + ft 4 + # f , ft' 
,5 + 5 4 + G f ,5. 



7 + ft 4 + ft 5 , ft 

.5 + 54 + 95,9. 



(4.7) 



*1 



7 + ft 5 , ft 

.5 + 55,5. 



*1 



7 + ft 4 
,5 + 54 



+ ft5, ft 

+ 55,5. 



7 + ft4, ft 

.5 + 54,5'. 



7 + ft 5 ,ft' 
.5 + 55,5'. 



7 + ft 4 + ft 5 , ft 
.5 + 54 + 55,5. 



(4.{ 



The (2,2) and (4,4) lattice shifts are dictated by modular invariance and are needed in 
order to cancel the phases that appear under modular transformations. These shifts are 
different for the two constructions, based on <3> or $. In the case of $, modular invariance 
implies an asymmetric shift on the 1^,2 [ G f] , which we chose to be (— )( mi+ni )G (this projec- 
tion was referred to as "X" in Ref. [23], where the various lattice shifts were discussed in 
detail); the shift in r^j^L'^], however, has to be symmetric and is chosen to be (— ) MiSI \ 

In the construction based on $, on the other hand, the (2, 2) lattice must be doubly 
shifted, r 2|2 ■ In this case we use the projection (-)™i Gf +"1(91-92). 

Constructions $ and $ share the same N = 4 sector (defined by (H , G l ) = (0, 0)). The 
contribution of this sector to the partition function is one half of the partition function of 
an N = 4 model in which the gauge group is U(l) 6 , and all the vectors originating from the 
torus T 6 . In the N = 2 sectors, (H l , G f ) ^ (0,0), while (h h gi ) are either (0,0) or (H l ,G { ). 

This restriction on the values (ftj,5i) comes from the (H { , G l )-twisted sector of 1^4,4 [^f^]- 

A quantity relevant to our purpose is the helicity supertrace B 2 , which receives a non- 
zero contribution from the N = 2 sector, while the contribution of the N = 4 sector to this 
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quantity vanishes. For the construction based on $ we find: 



B- 



(H f ,G f ) 







(4.9) 



where Q ] turn out to be the same analytic functions as for the models considered in 
Ref. |2(|3, even though the N = 2 constructions are different^: 



n 
n 
n 



— (t?i + 0! + 14tff0t) 



(4.10) 



16 



The construction based on $ with iVy = Nh = 0, under study here, has the same univer- 
sality properties as the corresponding N = 2 models of Ref. The helicity supertrace Bi 
is identical for all such models with Ny = Nh, irrespectively of whether the latter vanishes 
or not: 



Bo $ 



1 ^/ 1 



(H f ,G { ) 



^A=0 
2,2 



(0) 



4- r A=1 

+ 1 2,2 



(i) 



where in this case 



and 



with 



n<°> 



0" 
1 
1" 


1 



2^ + ^)^ 



1 
2 
1 
2 



- at) 05 
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X) 




UJ 


1 


= «4 , 









2 "3 



(4.11) 



(4.12) 



(4.13) 



(4.14) 



4 The parameter A, which takes the values or 1, determines the phases appearing in the modular 
transformations of the shifted lattice sums. These phases are complementary of those coming from the 
corresponding functions & [qi] or f^°) [^ f ] and Vt^ [g f ] . 

5 This is not surprising since the ./V = 2 models under consideration are known to fall in a very restricted 
set of universality classes with respect to their elliptic genus p3 . 



11 



The lattice sums 2 ° [g f l and 2 l [c f ] correspond to simply shifted lattices with projections 
(-) miGf and (_)(™i+™i)G f , respectively (the cases "I" and "X" of f24j). 



In both constructions $ and $, the massless contribution to the B 2 vanishes for generic 
values of the moduli T and U, as it should for models where Ny = Nfj- Owing to the 
Z^-translation on the two-torus, the N = 4 supersymmetry is spontaneously broken. The 
analysis of these constructions is the same as for the models discussed in p0| , to which we 
refer for the details. Here we simply recall that the construction based on $ is not suitable 
for a comparison with the type II ground states: the region in the space of (discrete) Wilson 
lines which allows for an easy identification of the map between the moduli of the dual 
models is the one that corresponds to the construction based on $. In the latter, and for the 
particular Z^-shift we have considered, (— ) m i G ' f + n i9i ) ^ ne m ass of the two extra gravitinos 
is 



1 ImU 



mi /9 = -- — — . (4.15) 
3/2 4 ImT v ' 

The N = 4 supersymmetry is restored when Ri = a/ Im T j Im U is large. For large values of 
Im JJ j Im T we recover instead a genuine N = 2 non-freely-acting orbifold. For the specific 
directions of the shifts in the two-torus that we have chosen, there are lines in the (T, U)- 
plane along which two extra hypermultiplets appear in the massless spectrum together with 
two extra massless vectors leading to an 577(2) enhancement of one of the f/(l)'s of the 
torus. 



4.2 The gravitational corrections 

In order to obtain heterotic gravitational corrections analogous to those of the type II con- 
structions (see Eqs. (|2.6| ) and ( |3.4|) ), we must proceed as follows. Instead of considering the 
pure R 2 term, we must compute the one-loop corrections for a special combination of gravi- 
tational and helicity operators. The ordinary i? 2 -term correction is given by the genus-one 
amplitude of 

Qgrav = Q -^grav 5 (4.16) 

— 2 

where Q stands again for the left-helicity operator, and is the usual gravitational 

operator: when inserted in the one-loop vacuum amplitude, it acts as j\-i= on 1/ Imr ff\ 
namely, it acts on the contribution of the two right-moving transverse space-time coordinates 
X M=3 ' 4 , including their zero-modes. This latter fact is responsible for the appearance of a 
non-holomorphic gravity-backreaction contribution, which ensures modular covariance but 
has no type II counterpart, as was discussed in |20[| ; the one-loop amplitude of the above 
operator is£] 

i^grav = (<2grav) gcnus _ ono = ( #2 ~ ~[^) B * > ( 4 " 17 ) 



6 In general the heterotic one-loop amplitude of an operator of the form Q 2 P 2 reads: (q 2 Pj 

\ / genus— one 

2 2 

P P>2 , where, in the l.h.s., P acts as a differential operator on some specific factor of Bi- 
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where, for the model under consideration (constructed with $), B 2 is given in Eq. ( 4.11| ). 
The massless contribution to -F gr av is precisely the gravitational anomaly, 6 grav = 2A ~ n v+ n h ^ 
which in the case at hand equals 2 (-B 2 | maS siess vanishes), at generic points of the (T,U) 
moduli space. 

2 

The operator P grav is not suitable for comparison with the type II result, because it is 
not holomorphic and its amplitude is sensitive to the N = 2 singularities occurring in the 
(T, U) plane: the corresponding beta-function (i.e. the gravitational anomaly) jumps along 

2 

rational lines where ANy ^ ANh- We must therefore replace P grav with an appropriate 

/2 

holomorphic operator P grav whose amplitude is regular everywhere in (T, U), at least in the 
model constructed with $, which is the model we will be analysing in the following. To this 
purpose, we introduce two operators: H tw and P 2 ,2- 

The operator H tw acts, for any (H { , G f )-twisted sector of the orbifold, as a derivative 
■^1^= on the factor uj [^ f ] / Imr f/ 4 , which contains the contribution of twisted coordinates 
(see Eq. ( 4.14 )). After some straightforward algebra we obtain the amplitude: 



Hu„ Bo $ 



2,2 



24 

A=0,1 (H f ,G f ) 

where we have introduced the modular-covariant functions 



7T Im T 



-H 



K] 



^24 



(4.18) 



H 



i2„ 1 *KI 

O t log — 

m r] 



tf 4 + tf 4 



4 , 
^3 ) 



{Kg) 
{Kg) 
{Kg) 



(0,1) 
(1,0) 
(1,1) 



(4.19) 



of weight 2. In the model constructed with $, only a A = 1 term would appear in ( |4.18 



From expression (|4 . X 8|) we observe that the insertion of H tw is covariant but not holomor- 
phic. This latter property will allow for cancelling the non-holomorphic terms present when 

2 2 

P grav and P 2 2 are inserted in the vacuum amplitude, while keeping modular covariance. The 

vanishes for 



beta-function coefficient of this operator, i.e. the constant term of H tw B 2 {& 
generic (T, U) while it jumps accross several special lines: Ab {H tw ) = 2 Ah 



grav 



2 

On the other hand, after insertion into the one-loop heterotic vacuum amplitude, P 2 2 

acts as ■^'if on t ne modular-covariant factor of weight zero, Imr [gf] • This amounts 
to inserting the sum of the two right-moving lattice momenta p\ + p\ of T 2 , which corre- 
spond to the Cartan of the U(l) factor. The amplitude (q 2 P 2)2 ^ therefore generates the 
corresponding gauge-coupling correction. To be more precise, we must in fact consider the 



integral Jj. j^- (Q 2 p\ 2 ^ 7(r, r), where j(t, t) is an appropriate modular-invariant infrared- 
regularizing function [26|. An integration by parts can be performed, which leads to vanish- 
ing boundary terms all over the (T, U) plane, irrespectively of the specific behaviour of the 
lattice sums across rational lines. This allows us to recast the above amplitude as: 



P 2 2 B 2 



A=0,1 (H f ,G l ) 



2,2 



Pf f 



1 d 



2ni dr 2n Im r 



^24 



(4.20) 
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(in the model constructed with $, only a A = 1 term appears). The differential opera- 
tor inside the brackets is covariant, since fl^ [^ f ] j ff 4 has modular weight —2, but non- 

holomorphic. The beta-function coefficient 6(^2,2) (constant term in ( |4.20| )) vanishes for 
generic (T, U) and its discontinuity at special lines turns out to be A6(P 2 ,2) = —12 A6 grav . 

Given the operators -P grav , i^tw and -P 2)2 , t nere is a unique combination, which is holo- 
morphic and whose beta-function coefficient is equal to the gravitational anomaly 6 grav = 2 
everywhere in the moduli space (T, U): 



5' 2 

grav 



P 2 --H 

1 grav 4 tw 



ip 2 



2,2 • 



(4.21) 



Here we want to remark that, in some specific cases where Ny = Nh 7^ 0, as for the models 



considered in [20|, the operator H tw can be reexpressed through an integration by parts, 



2 2 

as a combination of P 22 and -P gaugc , the gauge operator for the higher- level currents (here 
absent). In such cases, expression Q4.21|) becomes -P grav + -^P? ? + TKfzPp 



12 2,2 ~ 3N V gauge- 



The amplitude (Q grav ) = (q 2 P g r av ^ at genus one reads: 



P 



■r2 



P 2 ($ 



2 £'r 

(H { ,G { ) 



A=0 

2,2 



which is regular everywhere. Notice that the contribution of the A 
identically. This amplitude leads to the thresholds 



(4.22) 



1 term vanishes 



A 



Hct 



Im r 



A=0 
2,2 



which is valid only for the construction based on $ 

2,2 



- 1 



(4.23) 



For the specific case in which the shift in r^=° is due to a translation of momenta, 



(-l) miGf , we get: 

A He t = -2 log ImT|^ 4 (T) | 4 -2 log ImU \d 2 (U)\* + const. 
Finally the running of the coupling is given by 

16 7T 2 



^ rav (^ (HCt) ) 



16 7T k Im iSnet — 2 log ImT|tf 4 (T)f- 2 log Im U \# 2 (U) | 4 

M (Het) 

+4 log — 777— r + const. 



(Hct) 



where Snet is the heterotic dilaton-axion field and 



(4.24) 



(4.25) 



k Im Sfiet 



fi'Hct 



(4.26) 
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In the limit where (1/ImT, Im U) — > 0, A" = 4 supersymmetry is restored with the following 
behaviour: 

16 7T 2 

167r 2 KlmS H et-21ogImT + 21ogIm[/. (4.27) 



4av(/^ (HCt) ) 

The role of the normalization factor k will be specified in the next section where the gravita- 
tional corrections of the heterotic $ construction and that of the two type II ground states 
will be compared. 

5 Comparison of the three duals 

In this section we would like to test the triality relation between all three freely acting 
orbifolds we have considered, through the analysis of the "gravitational" corrections. First 
of all we observe that the operator Q' 2 rsiv = Q 2 -P grav with P grav given in ( |4.21| ), coincides, on 



type II side, with the operator QiH v = %Q 2 Q* we considered in Sections 2 and 3. Indeed, 



owing to the absence of perturbative Ramond-Ramond charges, the contribution of the dual 

2 

of -P grav vanishes; because of the symmetry between left- and right-movers on the world-sheet, 
there is no need for us to introduce an operator such as -fftw, the insertion of Q}^ De i n S 
automatically holomorphic. The duality among the three orbifolds requires the identification 
of one of the three perturbative vector multiplet moduli of the type IIA symmetric orbifold, 
with the dual of the field Suet, the dilaton-axion field of the heterotic theory, and with the 
inverse of Sa s , the dilaton-axion field of the type II asymmetric theory. Modulo SL(2, Z) 
transformations, such modulus can be indifferently any one of the three T l , i = 1,2, 3. For 
definiteness, we will choose T 1 , as was anticipated in ( |3.6| ). In order to see what the precise 



duality map is, we consider all three models in their "A" = 4 phase". In this limit, the 
heterotic amplitude (Qg rav ) is expected to receive contributions from genus zero only, while 
in the type II (Qg rav ) should vanish in the asymmetric orbifold and depend on one complex 
modulus only in the type IIA symmetric one. This behaviour can be checked by taking the 
appropriate N = 4 limits in the three models (see Eqs. ( |2.8|) , Q2.9Q , ( |3.5|) and ( 4.15Q , (|4.25|) ). 



The other surviving contributions, with a logarithmic dependence on the other moduli, are 
in fact infrared artefacts due to an accumulation of massless states, which can be lifted, in 
all the three models, by switching on an infrared cut-off larger than the massive gravitinos, 
as we previously discussed. By comparing Eq. ( |2.9|) with the genus-zero contribution in Eq. 
(|4.27|) (16vt 2 k ImS^), we obtain 

T 1 = ^r Snct = 27iKS }let . (5.1) 

Here we have introduced the field 75 = AtiS, the actual "modular" parameter of the 
Montonen-Olive 5-duality transformations. Since, after an SL(2, Z)t inversion T — > — 1/T, 
the model becomes symmetric under permutations of the fields Ts Hct , T and U, the behaviour 
of the effective coupling constant, for large values of the three moduli, must be symmetric as 
well; this requirement forces us to fix k = 2. This normalization of the coupling ( [4.26 ), which 



differs by a factor 2 from the usual tree- level coupling (corresponding to k = 1), is required 
also for a correct interpretation in terms of instanton contributions (see below). In the oppo- 
site limit, T 1 — > 0, the ^-dependent contribution vanishes (up to an irrelevant logarithmic 
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term in — 1/T 1 ). This is consistent with the identification of —1/T 1 with Ts As = AirSj^, and 
implies in particular that the type II asymmetric orbifold is the strong coupling limit of the 
heterotic: 

t Sae = -—. (5.2) 

T S H et 

In order to test the above duality relations, we consider the U N = 2 phase" of the various 
theories under consideration, where the dependence on the other moduli, generating from 
genus one for all three models, remains. The part of the gravitational amplitude that depends 
on the perturbative moduli is indeed the same in the three models, provided we identify the 
moduli (Tas, {7a.s) with (T 2 ,T 3 ) and (T,U). Through the duality map, we therefore learn 
that, similarly to the symmetric type IIA orbifold, the heterotic model possesses an N = 8 
supersymmetry that is broken spontaneously. This breaking on the heterotic side is non- 
perturbative: the Higgs field whose vev is the order parameter for the spontaneous breaking 
of the N = 8 supersymmetry to N = 4 is the dilaton Sfiet, and the N = 8 supersymmetry 
can be restored at the strong coupling limit. The further breaking of the supersymmetry 
from N = 4 to iV = 2 is realized spontaneously in a perturbative way, by using as Higgs 
fields the moduli T and U. The full, perturbative and non-perturbative, correction to the 
effective coupling constant of the gravitational term considered here is given by the type IIA 
result, Eq. (|2.6|). In heterotic string variables, we have: 

16 7T^ 

— — — = -2 log Im r 5Hct | # 2 (r SH J | 4 

ygrav \H') 

-2 log ImT |0 4 (T)| 4 - 2 log lmU\0 2 (U)\ 4 

+6 log — Planck + const. , (5.3) 

where we have expressed the infrared running in terms of the duality-invariant Planck mass 
and the physical cut-off ji, related to the various string scales by: 

M Planck M( Het ) M( IIA ) M( As ) 



fi ^ Het ) ~ /i( IIA ) ^ /x( As ) 



(5.4) 



From expression ( |5.3D we can easily read off the instanton numbers k, given by the powers 

kN 
2 



of q = exp 27riTs Hct in the expansion of the first term. We obtain k e which for k = 2 



becomes, as expected, k E N . 



6 The prepotential 

6.1 The one-loop result 

The perturbative prepotential can be easily computed from the heterotic side. Owing to 
the N = 2 supersymmetry, it receives no perturbative corrections beyond one loop. The 
tree-level contribution is determined by the geometric properties of the vector manifold, and 
is the same for both the constructions based on $ and on $ |33| : 



= -^-T Snct TU . (6.1) 
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The genus-one correction, on the other hand, is different in the two constructions and, 
moreover, it depends on the choice of shift vectors in the two-torus. Here, we will concentrate 
on the choices made previously for these shift vectors. The one-loop corrections to the 
prepotential turn out to satisfy second-order differential equations. These equations are 
obtained by properly treating the universal part of the gauge corrections in models with 
spontaneously broken supersymmetries, thereby generalizing the approach of [27, 30, |3l| . 
For the models based on $ the correction hS l > solves 



Re 



2T 2 U 2 



iU 2 



d_ 

dU 



%T 2 



_d_ 

df 



64vr 3 J T2 L. 2,2 ^ df ^ 

{Kg) 



(6.2) 



while for models based on $ it solves 



Re - 



2T 2 U 2 



_d_ 

dU 



iT, 



64+ 



d_ 
df 

d 2 rl 



r T 2 2 ^ 

A=0,1 (h,g) 



A 

2,2 



d 1 

dr t 2 



Tj 



24 



(6.3) 



Notice that, in contrast to the universal corrections [p4"[, the r.h.s. of the above equations 
has singularities across lines in the moduli space. Integrals of this kind and analysis of 
the singularities have been performed in several papers. We will not present the general 
result here but give instead the answer for the prepotential. It is important to observe that 
the above equations define up to irrelevant linear and quadratic terms as well as cubic 
terms such as T 2 U or U 2 T. These ambiguities can be resolved by looking at the ordinary 



gravitational threshold corrections |24], |30 



1 grav 



($) 




& 



S C1 



2 — 



+ 12 6, 



grav 



or 



^grav I 



)-4 









9 Yl r 2,2 



A=0,1 (h,g) 



E> 



n 



W rh-i 

[i± + 126 



(6.4) 



(6.5) 



We would like to stress at this point that Eqs. (|6.2|) and ( |6.4| ) (resp. (|6.3| ) and ( |6.5| )) hold 
for heterotic constructions of the kind $ (resp. $) with Ny = Nh ^ 0, as those presented in 
[p0|1 . Therefore, our results for the perturbative prepotential or given below (Eqs. 
( |6.6[ ) and (|B~^ )) are valid for these more general models. This is again due to the fact that 
the heterotic ground states under consideration fall into the same elliptic-genus universality 
class, irrespectively of the value of Ny = N^. Non-perturbative contributions, however, 
depend on the number of vector multiplets and hypermultiplets (through, for example, the 
instanton numbers), and only the case Ny = = is analysed in the following. 
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After some lengthy algebra, we can solve the above equations and obtain the one-loop 
prepotential for models based on the construction $: 

hW(T,U) = --^—(C c (T,U) + C a (T,U) + C b (T,U))-^T 2 U, for T 2 > f/ 2 

o7T 

1 (£ C (U, T) + C a (T, U) + C b (U, T)) - -^TU 2 , for T 2 < U 2 . 



(2tt) 4 ™~>~> 1 ~"^>~' ■ ~"v~^„ g?r - 



(6.6) 



The functions £ C)0j &(T, U) are given in the appendix; C c ,b{T, U) have a branch along T = U, 
where AB 2 | massless = AiVy — ANh = —14. For models based on the construction <3>, we 
obtain: 

h {l \T,U) = -^i(-4°HT^)+£r(|,2^+4 0) (^) 

+£< 1) (T, U) + £«(T, 17) + 4 1} (T, C/)) , (6.7) 

where the functions C^ ab (T : U) are as displayed in the appendix. In this case there is no 
branch at T — U, where now A£? 2 | massless = 0, and (|6.7|) is thus valid for any T and U. 
This makes the monodromy trivial around T = U . Remember, however, that in the models 
at hand, where the two-torus lattices are shifted, the target-space duality group is only a 
subgroup of SL(2, Z)t x SL(2, Z)u x Z\^ v . In particular T — ► — 1/T is not a symmetry, and 
the line T = U is not equivalent to the line —1/T = U. The latter, where AS 2 | massless = 2, 
is a branch for h^(T,U), although this is not straightforward from expression fl6.7Q - a 
Poisson resummation is needed. Observe also the absence of cubic terms in . Such terms 
are present in generic models with spontaneously broken supersymmetry, as those studied in 
24fl , for which the corrections to the prepotential can be computed in a similar way. Cubic 
terms vanish in general when the intersection form of the underlying Calabi-Yau manifold of 
the type II dual becomes trivial[|, as in our case. On the other hand, the absence of constant 
term both in and reflects the vanishing of the Euler characteristic \ = 2 (h 1 ' 1 — h 2 ' 1 ). 



6.2 Non-perturbative contributions 

Let us now try to go beyond the above perturbative result. We will concentrate on the 
construction based on $, for which we have been able to determine the precise duality map. 
For the prepotential, however, we have no exact type II result that could be used to obtain 
the heterotic non-perturbative contributions directly. Nevertheless, the structure of the type 
II model is useful to infer at least part of these contributions. 

The type II (1, 1) ground state of Section 2 is symmetric under permutations of the three 
moduli {T 1 , — 1/T 2 , T 3 }. The heterotic dual should therefore possess the same property with 
respect to {r5 Hct , —1/T, U}. In fact, invariance under —1/T <-> U is a residual target-space 

This implies that the heterotic construction based on $, in which such cubic terms are present (see Eq. 
( |6.6| )), cannot be dual to a type II, Z2 x Z2 symmetric orbifold, for which the intersection matrix is trivial. 
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duality symmetry of the shifted lattices we are considering, and Eq. (|6.3| ) is indeed invariant 
owing to the covariance propertyQof the perturbative result hP^(T, U) given in (|6.7|): 

* w (4-4) = ihp^™ (6 - 8) 

(note, however, that h^(U,T) ^ h^(T, U), owing to the breakdown of the T <-» U symme- 
try). 

In order to promote the above — 1/T <-> U permutation symmetry to the level of the 
three moduli, we must demand the following covariance properties for the full prepotential 

h(r SHct ,T,U): 

~ h (jSu c ^-^~^j = j^ph{r Snet ,T,U) 

h(-L-—,u) = -^-^h(T SHct ,T,U) (6.9) 
h(U,T,T SHct ) = h(r SHet ,T,U) , 



which are fulfilled by the tree-level contribution ( |6.1| ). We must therefore add two more 
terms to hF)(T, U): 



h (r 5Hct , T, tO = + hP>(T, U) + hP> (T, r 5Hct ) + T 2 U 2 hF> (-± r 5Hct ) 



(6.10) 



These extra terms account for non-perturbative corrections and are exponentially suppressed 
at large Snet- 

The above covariant symmetrization, which we have been advocating in order to deter- 
mine non-perturbative corrections to the prepotential, does not exclude the possibility of 
having also a series of exponentially suppressed terms with, in the arguments, covariant- 
symmetric functions of Ts Hat ,T and U, in the sense of ( |6.9| ). Unfortunately, we have no 
reason to rule out such non-perturbative contributions, nor a method for computing them 
from the type II symmetric or asymmetric ground states. 

7 Conclusions 

In this work we studied N = 2 superstring ground states obtained from the heterotic and type 
II ten-dimensional superstrings through freely acting (asymmetric) orbifold compactification. 
The massless spectrum of all these models is the same. Besides the N = 2 supergravity 
multiplet, there are three vector multiplets and four hypermultiplets. The construction 
presented here extends the work of Ref. p0| , where we analysed heterotic/type II duals with 



N = 2 supersymmetries that have 3 + Ny vector multiplets and 4 + Njj hypermultiplets 
with Ny = Nh 7^ 0. Here, we presented three different N = 2 models with Ny = Nh = 

8 The absence of pure power-like terms in ( |S.S| ) reflects again the vanishing of the Euler characteristic and 
intersection form of the dual symmetric type II construction. 
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and we verified the non-perturbative duality conjecture between them. The models we have 
considered are the following: (i) the heterotic construction with N = (2, 0) supersymmetry, 
based on characters $ of the c = (0, 16) conformal block, Eq. (|4.8| ) (this choice is equivalent 
to a particular choice of discrete Wilson lines, reducing the number of the vectors to three 
and that of the hypers to four); (ii) the type IIA symmetric construction with N = (1, 1) 
supersymmetry, which corresponds to a self-mirror Calabi-Yau compactification with Hodge 
numbers h 1 ' 1 = h 2,1 = 3; (hi) the type II asymmetric N = (2, 0) freely acting orbifold 
compactification, where the initial N = (4, 4) supersymmetry is spontaneously broken to 
iV =(2,0). 

The equivalence of the heterotic N = (2,0), type IIA N = (1,1) and iV = (2,0) was 
verified for the corrections of a modified gravitational and gauge combination associated 
with the operator P grav introduced in Section 4. This operator has the property of being 
regular in the entire (T, U) moduli space. 

In the duality relations between the constructions described above, the heterotic vector 
moduli (Ts Hot ,T, U) are mapped to the three h 1 ' 1 moduli (T l ,T 2 ,T 3 ) of the symmetric type 
II, as well as to the moduli of the asymmetric type II (fs As , Ta s , Ua s ), where fs As = —1/ts As is 
the inverse of the asymmetric type II dilaton. Thus, there is a weak-strong coupling S-duality 
relation between the heterotic and the asymmetric type II ground state, rs Hct = — l/Vs As . In 
all above duals there is a (non-)perturbative restoration of N = 8 and N = 4 supersymmetry 
in some specific limits of the three moduli, which is in agreement with the duality maps. 

By using these duality maps, we found that the type II corrections provide the complete, 
perturbative and non-perturbative, heterotic corrections, as was also the case for all N = 2 



models with Ny = constructed in Ref. |20|. This remarkable property is due to the 



universality of the N = 2 sector in the heterotic orbifold and of the corresponding N = (2, 2) 
sectors in the symmetric and asymmetric type II orbifolds. We obtained in this way the full 
gravitational heterotic corrections. These contain instanton corrections, exp2kiriTs Hct , 
which are due to the Euclidean five-brane wrapped around the six-dimensional internal 
space; they depend only on rs Hct and not on the other moduli. The explicit expressions 
for these corrections are given in Eq. (|5.3|) . The Olive-Montonen duality group is a T(2) 
subgroup of SL(2, Z) TS . 

Finally, we computed the perturbative and part of the non-perturbative corrections to the 
prepotential for the heterotic ground state. The perturbative result is actually valid beyond 
the models presented in this paper, and covers more general situations, with Ny = ^ 



such as those of Ref. ||20|| . The non-perturbative piece was reached by using the triality 
symmetry between the three moduli of the type II symmetric model T 1 <-> — 1/T 2 «-> T 3 . 
The requirement of (partial) restoration of the (N = 4) N = 8 supersymmetry in special 
limits of the vector moduli turned to be too weak to rule out or determine extra potential 
non-perturbative terms in the prepotential. 
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Appendix: The trilogarithm series 

We quote here the explicit solution for the series C CA ^ and C^ b (T,U) appearing in the 
expressions of the one- loop prepotential (see Section 6). We have: 

C C (T,U) = Ch(e^ T -^) 

+c £(2£i 3 {e^ iTk )-Ci 3 (e 2mTk )) 

k>0 



+Co^(2£. 3 (e^ iU£ )-a 3 (e 2 ^)) 

e>o 

k,e>o 

+2 c 4kMe+1 £i 3 (^(^-iH^-D)) ) (A. 1) 

£ a (T,U) = (^-3 W2 ^3(e 2 -(? (4fc - 3)+ ^ 4 ^ 3) )) 
k,e>o 

+a, kM £h ( e ^(?(«-D+¥(«-i))) ) (A. 2) 

C b (T,U) = b^Ci^e 2 ^-^)) 

k,e>o 

+b*t- 3k -iCi3 ( e ^(?(«-D+¥(«-3))) ) , (A. 3) 

where the coefficients in the above expansions are defined through 



n0 



^24 g 



^24 



= £>ng n+ * (A. 4) 



n>0 



^24 



5> 



n>-l 
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We also have 

C®(T,U) = Ci 3 {e 2 ^ T -^) 

+4 0) ^(^ 3 {e 2mTk )+a 3 {e 2mUk )) 



k>0 



+ c u (e 2 ^ Tk+u V) (A. 5) 



k,£>0 



^ ' k>0 

+ ^ a£ } Ci 3 (eMf (A. 6) 



/M>0 



4 0) (|^) = 288^(£z3(e 2 - rfc )+^3(e 4 ^ fc )) 

^ ' fc>0 

+ E(( 2 ^-4S)ft(e 2 "<™') 

+C-^»^(^' (f,2 '- 1,+</(2 '- 1 ")). (A- 7) 



fc,£>0 



and 



^(T,^) = C cW (T,U) (A. 8) 

£W(r,E0 = £ a m(T,U) (A. 9) 

4 1} (^^) = £m(T,u), (A. 10) 

(A. 11) 

where £ c (i) b (i) (T, [/) are displayed in (|A. 1| ) — ( |A. 3 ), and ch \ and bn are given by 

[J] 



r? 24 g ^ n 



^24 



^ n>0 

E fl n A) ^ +l (A- 12) 



r/ 24 



n>0 



J3 b { n ] q n+h ¥ 



n>0 



We finally recall that the non-trivial monodromy properties of the above functions are 
due to the following connexion formula for the trilogarithm: 

TV 2 Z7T 1 

Ci 3 (e x ) = Ci 3 (e~ x ) H x x 2 x 3 , for Rex > . 

3 2 6 
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